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In the description of the extrinsic geometry of the string world sheet regarded as a conformal

immersion of a 2-d surface in R? it was previously shown that, restricting to surfaces with A \/ g=1,
where 4 is the mean scalar curvature and g is the determinant of the induced metric on the surface,
leads to Virasaro symmetry. An explicit form of the effective action on such surfaces is constructed
in this article, which is the extrinsic curvature analog of the WZNW action. This action turns our
to be the gauge invariant combination of the actions encountered in 2-d intrinsic gravity theory in
light-cone gauge and the geometric action appearing in the quantization of the Virasaro group. This
action, besides exhibiting Virasaro symmetry in z-sector, has SL (2, C) conserved currents in the
z-sector. This allows us to quantize this theory in the Z-sector along the lines of the WZNW model.

The quantum theory on 4 \/; = 1 surfaces in R? is shown to be in the same universality class as the

intrinsic 2-d gravity theory.

1. Introduction

Extrinsic geometry of surfaces immersed in R" plays
an important role in QCD-strings, 3-dimensional
Ising model and in the study of biological membranes
[1]. We have in our earlier publications [2, 3] ap-
proached this problem in terms of the Grassmannian
g-model. In this approach, we make use of the Gauss
map [4] of conformally immersed surfaces in R" into
the Grassmannian manifold G, , realized as a quadric
in CP""!. This realization plays a key role in the
Gauss map. However, in order for the Grassmannian
manifold to form tangent planes to a given surface in
R", (n — 2) integrability conditions must be satisfied
by the G, , fields. These conditions have been explic-
itely derived in [4] for R® and R* and by us [3] for R"
(n > 4). The advantage of this approach to the string
theory is that one is able to rewrite the string action
consisting of both the Nambu-Goto and extrinsic cur-
vature terms in terms of constrained Kédhler ¢ model
action. In a subsequent work [5] we have shown that
in the geometry of surfaces immersed in R® with the
property h \/g; = 1, where h is the scalar mean curva-
ture of and g the determinant of the induced metric on
the surface, there is a hidden Virasaro symmetry.
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Specifically, it was shown that sz/\/_ , where H,; are
the components of the second fundamental form of the
surface, transforms like energy momentum tensor (7,,)
and that H;; transforms like the metric tensor under
the Virasaro transformation. It was further shown
that in R* one has analogous properties for surfaces
with h./g =1, where h = . /(h? + h3), and h, and h,
are the two scalar mean curvatures along the two
normals to the surface. The hidden symmetry in R* is
found to be Virasaro ® Virasaro. A simple way to see
why one has doubling of the Virasaro algebra in R* is
to observe that G, , ~C P'® C P!, while G, ;~CP".
For surfaces immersed in R"(n>4) not much is
known although it is expected that one would find
W-gravities in certain type of surfaces [6].

We continued our investigation of h\/é =1 sur-
faces in R and constructed an action on such surfaces
involving their extrinsic geometric properties [7] by
coupling 2-d fermions to extrinsic curvature of the
surface on which the fermions live, by minimal cou-
pling. The minimal coupling for immersion in R3, is
through SO(3) gauge fields determined by a local or-
thonormal frame on the surface. Integrating out the
fermions [8], we obtain the WZNW action which in
this case may be termed as the induced extrinsic gravity
action. This action has local SO(3) gauge invariance.
The restriction to h\/é =1 partially fixes the gauge
for A2, (a = +, 0) as the gauge fields encode here the
information about the extrinsic properties of the im-
mersed surface. Let us note that this restriction is not
generally covariant and clearly it is a gauge choice. It
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is equivalent to an algebraic gauge condition. Our
gauge choice is made in surfaces realized in a confor-
mal immersion. In [9], the property of diffefomor-
phisms arising from partial fixing of SL (2, R) gauge
fields was considered. Here, we have found a physical
system where these gauge fields and the partial gauge
fixing which were ad hoc in [9), arise naturally when
treating h\/g; =1 surfaces. The resulting action is
given explicitly by

L (Fy, Fy) =T, (F,) + I (F))
k (/0.F
— e <~—2>D_,F1 dz A dz, (1)

4n J\O,F,
where,
D.F = O}F, 3 (d2F,\? @
17 9,F, 2\9,F

is the Schwarz derivative of F,.

In (1), I, (F,) is precisely the action that appears in
intrinsic 2-d gravity theory in Lc gauge [10], while
I'_(F)) is the geometric action that one encounters in
the quantization of the Virasaro group by the method
of coadjoint orbits [11]. The coupling term in (1) is
needed to make I (F,, F,) invariant under Virasaro
transformation of F, and F,, which are related to the
second fundamental form as follows;

i 3

a: F2 - ZZo ( )
and

D.F,=H,./\/g. @)

We find that (1) is invariant under Virasaro transfor-
mation, whose infinitesimal version reads as

k
Suc (Hau/v/9) = — - 026(5,2) = 20.2(2,2) H. /g
—e(5,2)0,(Ho./\/9), 5)

and

Oz (Hz) = ;afa(z, z)+¢(2,2z)0,H;;—(0,¢) H; . (6)

Transformations (5) and (6) are equivalent to the fol-
lowing changes in F;,

0. F;=¢(22)0.F; (i=1,2). ™

In what follows we shall call I', (F,) as the L.c action,
while I'_ (F,) as the geometric action. It should be
emphasized here (to avoid any confusion) that we are

discussing a 2-d extrinsic gravity theory (extrinsic cur-
vature induced 2-d gravity theory) and F, and F, are
related to extrinsic geometry by (3) and (4), while the
corresponding action in 2-d intrinsic gravity theory is
in terms of an F which parameterizes the metric tensor
of the 2-d surface.

The equation of motion following from (1) is given
by
HZZ

\/g .
This equation is identically satisfied if we take both
the first fundamental form (induced metric g,4) and
the second fundamental form (H, p) as determined by
X*(z, z). However, we will see that it is convenient to
regard sz/\/g and H;; as independent fields, inde-
pendent of X*, but are related by the equation of
motion (8). It is further shown that there is a useful
composition formula for (1), which enables us to write
it either as l.c action for F,oF,”' = F, (Z, F; ! (3, 2)),
where the inverse function is defined through

F&F'G2) =z, ©)

63 Hz'i = [az“ Hfiaz - Z(asz‘z‘)]

)

or as the geometric action for F, o F,”'. This impor-
tant correspondence enables us to find the conserved
S L (2, C)currents for the action (1) in the Z (left) sector
of the theory. The total energy momentum tensor T,
is of the Sugawara form. The theory of extrinsic geom-
etry induced 2-d gravity action for h \/é =1 surfaces
in R3 is then quantized in the left sector. From these
observations, it is clear that the quantum theory of the
left sector on h \/5 = 1 surfaces is in the same univer-
sality class as the 2-d intrinsic gravity theory.

It is well known that the conventional extrinsic cur-
vature action [1] is given by

Se=—x [IHI*Jgdz A dz. (10)
0

It is interesting to note that the third term (interaction
term) in (1) is precisely (10). Thus we could say that (1)
is the conformally invariant extension of (10) where
H,, /\/é and H;; are the dynamical fields.

F, and F, appearing in (1) are the inhomogeneous
coordinates of G, 3~ CP! ie., the Grassmannian
o-model fields arising in the Gauss map.

2. Induced Extrinsic Gravity Action

We couple 2-d fermions in the vector representation
of SO (3) to the gauge fields A;, 4, constructed in [5].
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It is well known that upon integrating out the
fermions, one gets the WZNW action. We next evalu-
ate this action explicitly in terms of F; and F, for the
partially gauge fixed A, given in [5], i.e., on h\/a =1
surfaces. Such an action was derived earlier in [9] in a
different context. For this reason, we shall be brief in
our adaptation to h \/é = 1 surfaces.

The gauge invariant action I, depends on A, and
A; through the parameterizations A, =h~'9,h and
A:=g '0:g; h,ge SO(3) (h and g here are not to be
confused with mean curvature scalar and determinant
of the induced metric). Note that choosing h and g as
independent elements of the gauge is consistent with
taking H;; and HZZ/\/E as independent of X *. Explic-
itly

k
Li=T_(A)+ T, (4;)— - TrfA,A;dz Adz, (11)
/4

where k = n, is the number of fermions and

Ir_(4)= i"l"rfl(azh)h‘1 ©:h)h™']1d*¢
8= (12)

k
+ o Te [ (@M~ @, ™' @ Wk d?Edr,
/A

and I, (A4;) is given by an expression similar to (12)
with h replaced by g and the sign of the WZ term
changed. Gauge invariance of I is ensured by the
last term in (11).

Next we apply the gauge restriction to (12).

A7 =h/g=1; A?=0. (13)
A straightforward calculation yields
I_(A7 =1,A2=0,A47 =H_/\/g)=S_(F) 14

k ; F 3F, 02F,\?
LN T L Y Y dz A dz,
8n J\0,F, J\ 0, F, 0,F,
where we have used (4) to write H,, /\/EJ in terms of F; .
(14) is the geometric action for the Virasaro group
studied in [11]. It is not so easy to find I', (4;). How-

ever, we can evaluate it explicitly in a light-cone like
gauge. Let us define the quantum action S, (H;;) by

exp(— S, (Hz)) = [[d4:]6(4; — Hz)
~exp(—T, (49 — [ A7) . (15)
Evaluating (15) at the stationary path
or, 5 o or,

642 P

=J; =1,

we obtain the classical limit which can be explicitly
evaluated [9] as

k [0%F,

S+(F2)=—ﬂ o.F (
z42

a7

azaEFZ azzFZ az_F2>d Adz
. Z .

3.F, 0,F, 0.F,

(17) is the gauge fixed form of I', (4;) in the gauge
determined by (16). Note that it is analogous to the
light-cone gauge fixing in 2-d intrinsic gravity theory.
(17) is precisely of the form of the light-cone action in
2-d intrinsic gravity theory.

The variations of S_ (F;) and S, (F,) under infinites-
imal changes (in F,, F,) are given by

k 9.(D.F)) _
= e VL B2 iy . 18
0S._ 47[[(5 ) o.F, z Adz (18)
and
k 1 d.F.
=——|@6.F 233 =2)dzadz. (19
o8 4nj“ Vo F, ‘<62F2> e B

The third term on the right hand side of (11) in the
gauge A2 =0, A7 =1 becomes [(4;} A7 + Af)d?*¢,
of which the second term has been taken into account
in (15). The remaining term, ie., [ A} A7, with the
identification A4 = sz/\/g; =D,F, and A; =H;;
=0,F,/0,F, yields %"(DZFI(Z—Z) and so the
g = 1 surfaces reads

I (F F)—k CHAYCAS 5 ol F\? P
=g o,k )\o,F, " \o,F, ) )

k a}g(azazfz_asz‘%)dz -

total action on h

T8n)o.FK\ 0.F, 0.F, o.F,) "%
k [0.F,

_ " |32p F dznds.
az)o.F, O-h zAdzZ (20)

We have thus derived the extrinsic geometric gravita-
tional WZNW action on h\/a =1 surfaces in the
light-cone like gauge (16). The induced extrinsic 2-d
gravity action combines in a gauge invariant way the
geometric and light-cone actions which have been
studied in the context of 2-d intrinsic gravity. It is
remarkable that a gauge invariant interacting theory
of these two actions has physical implication in the
theory on h\/g =1

Note that restricted gauge transformations have
yielded diffeomorphism due to which A; which ini-
tially had conformal spin 1, has become sz/\/g;
= D.F,, a conformal spin2 object. Same remark
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—2, which acquires a conformal
z52

spin 2. This suggests that F, should be regarded as

a primary conformal field with conformal weight 0 in

z sector. Later, we show that quantum corrections

modify this property of F,.

applies to 4: —

3. Symmetry Properties of I,

In this section we discuss the symmetry properties
of the gauge fixed action (20) on h\/g =1 surfaces
in R3. The equation of motion for (20) is

0;F. 0.F.
o2 <a- ;) ~ 8D, F; — (a—FZ> 9.D,F,
242 242

0; F,

26’(62FZ>D2FI =0. (21)
Using (3) and (4), it is readily seen that (21) is equiva-
lent to (8) which we referred to as the anomaly equa-
tion. It should be mentioned here that varying (20)
with respect to F;, and F, independently yielded the
single equation of motion (21). Our objective is to
construct an effective action in terms of H;; and H,,/
\/5 through their parameterization (3) and (4) such
that these fields are independent of X*.

Let us first verify that (20) is invariant under infini-
tesimal Virasaro transformations in [5]. It can be eas-
ily verified that these transformations for H;; and H,,/
\/5 are equivalent to the following transformation for
F(i=1,2).

5, F=¢ (52)0,F, (i=1,2). 2)

Invariance of (20) under (22) may be verified readily
using (18) and (19). Now (22) is the infinitesimal ver-
sion of the finite transformations;

FI(Z_’Z) —PFl(f,f(Z—,Z))EFlof,

F,(z,2) »F(z f(Z,2)=Fof. (23)
The infinitesimal version (22) corresponds to

f@EZz)=z+¢"(3,2). (24)
We therefore conclude that

Ly (Fy, Fy) =L (Fio f,F,0f). (25)

Equation (25) has an interesting consequence. If we
choose f = F,”'(z, z), where the inverse function is
defined by the relation

F,(F 'z 2)=1z, (26)

we find that
refr(Fl’Fz)=r—(F1OF2_l)=F+(F20F1-1)s (27)

where the last equality follows by the interchange,
F, & F,. We thus have derived the following useful
composition formula.

I (F,oFY)=T_(FoF, ")

=T, (F)+I_(F)— LJ@'FZ D.F,. (28)

4n Jo,F, Y
From (27) we conclude that the properties of the in-
duced extrinsic gravity action can be understood from
those of either the light-cone action I', (F, 0 F,”!) en-
countered in 2-d (intrinsic) gravity theory with the
replacement of f of intrinsic 2-d gravity theory by
F,oF,”! or from those of I'_ (F; o F,”!) i.e., the geo-
metric action which arises in the quantization of the
Virasaro group by coadjoint orbits (with the replace-
ment of f by F,oF,™%).
The equation of motion for the light-cone action for
F,oF'is[7]

o3 (M) =0. (29)

“\0.(F,oF™Y)

By using the rules for derivatives of the composed

function F, o F,~* with respect to z and Z, in terms of

those of F, and F,, it is readily verified that (29) re-
duces to the equation of motion (21). From (29), we
conclude that I« (F,, F,) has a hidden SL(2, C) [at
the algebra level it is same as SL (2, R)] symmetry in
the z-sector as in the intrinsic 2-d gravity theory. Re-
call that the SL(2, C) currents J{(a = +,0) are de-
fined through

d:(F,0F™Y)

=JM@) 2212 +22J7(2),(30
a.(F,oF ) (@)—2zJ7 +2°J7(2),(30)

where the currents are functions of Z only. A straight-
forward calculation yields the following expressions
for the currents.

K= %[@Fl)(gfz) —az-Fl]
242

—2RP+ R,

(31)

k k| 0,0;F 0;F,\ OZF.
J,—0=——FJ.—_+— Lzz_ z=2 iz %2
: g e 2[ o,F, <6:F2 0,F,
3.0 F,

(32)

3.F,

o;F, 9F,
3.F, o.F |
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and
Tl E afFl'azaz‘Fl _ az'ang
: 2\ .F)? ©.F)?
_ k a2 0:F, " 02F, 2, 0; F,
z(a:Fl) azFZ azFl aZFZ
0.F, [03F 02 F,)?
z42 b | _ ( z 1)2 . (33)
azFZ azFl (azFl)
It is straightforward to verify that
0,Jf=0. (34)

In order to exhibit SL (2, C) invariance of the action
(20), it is convenient to identify it with the geometric
action for F, o F, !. Recall that [11] the geometric
action is invariant under S L (2, C) transformations:

sLec) a(Z)FLoF, "' +b(2)

FIOFZ_I )
c@F oF 1+d@

(3%5)
with ad — bc = 1. Noether currents for these transfor-

mations, whose infinitesimal form we write as

=¢_(2)+e(E)FoF, !
+e, (D(FoFy )2,

dsLoc)FioF !
(36)

are precisely those given in (31) to (33).

Next, we discuss the consequences of reparam-
etrization invariance of (20). In the z-sector, an infini-
tesimal conformal transformation results in

0;F,=¢(2)0:F; (i=1,2). 37)
Expressing the change in I as
6eI:ff(F11F2)—_—IdZ AdzE(2)0, Tz,  (38)
we find
T:(F, F) = Tz (F) + Tz (F) + T (F, F),  (39)
where,
k ((®;F,)(@%0;F 1/0,0,F,\2
Ty = - L [@FV@R) 1 1
2 ©.Fy) 2\ O.F
0l F,0;F, 0,0 F,
“eRr ;@
k 3:F\\? 0; F. O; F
i F ) a~ 22 _2 z~ 2 2, z42
7;2( 2) 2 I:( h<azF2>> <62F2>az <azF2 '
(41)

and

Tlnt (F F) 5 0; F2 F
uHL G aF1 *\0,F, azF1
0;F,\[0}F, B 62 F1 +0? (62-172)
0,F, /\0,F, 0,F,
aaF 26F2 aZF 3 0; F,
0.F, \ 0, F, “\9,F,
? ; . :F,\?
L& a~ F‘ O0h) _(%E D.F;. (42
0.F, \0.F, 0,F,
(40) and (41) can be recognized to be the correspond-
ing T; for the geometric and light-cone action respec-
tively.

It is readily verified that, using the equation of mo-
tion (21),

0, T;:(F,, F;)=0.

(43)
We expect T;;(F,, F,) to be of Sugawara form, and
indeed, it can be verified that

1
nf(Fl’FZ): _;"abeaJEb’ (44)

where
1

Moo =1; ’I1—1=’7—11=_3‘ (45)
We thus conclude that the induced 2-d extrinsic grav-
ity theory on h \/; =1 surfaces in R* has conformal
invariance in the z-sector. Furthermore, this confor-
mal field theory is in the same universality class as the
induced 2-d intrinsic gravity theory.

Let us briefly discuss the energy-momentum tensor

T..(F,, F,). Under infinitesimal conformal change

0, Fi(2,2)=¢€(2)0,F(z,2); (i=1,2). (46)
This leads to
0, g (Fy, F5) = —IS(Z)V (F) T, (47)
where
(48)
O; F O; F.
V)T, =08,T,—[ 210, T,—208,|==]|T,,
b( 2) - T <azF2> E Z<azF2> =
and
T..(F,,F,)= [D F, —D.,F,]. (49)
From the equation of motion, one finds that
V:(F) T.(F, F,)=0. (50)
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The transformation of the SL (2, C) currents and
T.:(F,, F,) under conformal and S L (2, C) transforma-
tions can be easily worked out. We give below the
results for completeness and will be used in quantizing
the theory in the next section

(i) SL(2,C) Variations:

OsLec) = — g(asﬁ)—[& g1, (51)
where

J=ny TOJ (52)
e =¢,(2) T, (53)

1[-10 00 0 =1
0=— T+= T_= 4
T 2[0 1]’ [1 o]’ [o 0]’(5)

[Ta, Tb] = fcab Tc ,
fitt= =2, ff = — o7t =1.

(ii) Conformal Variations:
Oz = €(2)0. ) + (0:8) )7, (a= %,0), (57)
and

(58)
0z Tz (Fy , Fy) = £(2)0; T5(Fy , Fy) +2(0:8) T (F , ) -

(51) and (57) follow from (31)—(33) and (43) using
55(5)E=5(2)65E’ (i=1,2). (59)

Before quantizing the induced extrinsic gravity the-
ory in the z-sector, we must first modify the conformal
properties of F, . If we regard I in (20) as equivalent
to the geometric action for F, - F, ! = F, (z, F,” ! (3, 2)),
then following Aoyoma [12], one should modify the
conformal weight of F,-F,”! in the Z-sector, such

that (60)
0z (Fy - F, 1Y) =¢(2)0:(F, ‘F Y+ @:8(F, - F,Y).

(60) which assigns conformal spin 1 for F; in z-sector,
is necessitated by the equivalence of the geometric
action with the Liouville theory.

The same conclusion can also be arrived at looking
from the point of view of the light-cone action. Fol-
lowing [10], let us observe that (20) expressed as
I, (F, - F,~') is the gauge fixed form of the action on

) or, or,
h./g = 1 surfaces, in the gauge, 5 A0 =0, oA;
(see (16)). The quantum action S, (F, - F,” ') which

=1

guarantees general covariance will contain a term pro-
) T.:. This has been shown in

[10] to yield an extra term to T}, which is d,J.°. This
is equivalent to the modification given in terms of F,
and F, as

r,

portional to

S0 FL = E(2)0: F, + (@:9) Fy

b:F> = £(2)0,F, . (61)

Under this modification, (43) still holds with the mod-
ified energy-momentum tensor
1
T2 (2) = — % n I —0; 1. (62)
Under the modified conformal transformations, the

conformal weight of the currents also change. We find
instead of (57)

55(5) J'=(&(2)0; + (1 + a)0:£(2) J7, (63)

while, (58) remains valid for T2°¢(F,, F,).

4. Quantum Theory on h\/g = 1 Surfaces Immersed
in R3

We have all the machinery in place for quantizing
our theory of h \/5 = 1 surfaces in R>. The Z-sector of
the action (20) can be quantized like the WZNW ac-
tion [13]. The details of this procedure are hardly new
and we are contend with merely summarizing the es-
sential steps. From (31) to (33), we can expand J{ in
Laurent series as

e o}

F= 3 Jeznice, (64)
while from (62), T2°¢ is expanded as
3= ¥ L,z7" 2. (65)

Then, consistent with the SL(2, C) transformation
(51), the currents are quantized as (see also [14])

k
[, I = - 5 + ANy o+ [

nt+m> (66)
with
J0> =0, (67)

for n > — a. Next, we define the quantum version of
the energy-momentum tensor T;: or L,. As shown in
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[13], it is given by

1 @
T H T T e R R+ (DI

“where the normal ordering (::) is understood as

(68)

(69)
Jb, Jo.

(n+b)

2 aliat X

m=—w (m=n+b+1)

yIRF L LIE

m= — o

We are now in a position to calculate the rest of the
commutators. We find [12]

k
[Ly, Jn] = —(m—an) J%p— = nn+1)n"6,.,, (70

and
. (71)
[Ln’Lm]=(n_m)Ln+m+ En(n_l)(n+1)6n+m‘0a
where,
3k
= —— —6k
L= 2
6
=15—-6(k+2)— —— (72)

k+2°

Note that — 6k comes from the modified term in T;.
Thus the central charge of the Virasaro algebra in the
left sector on h \/5 = 1 surfaces is the same as for the
2-d intrinsic gravity in the same sector.

It is interesting to note that in [5], we observed that
conformally immersed surfaces in R® with h\/g =1

zz

exhibit Virasaro invariance with = D, F, trans-

forming like the energy-momentum tgensor and yet, it
is the z-sector of this theory which can be successfully
quantized. For the z-sector because of (50), the central
charge remains unknown.

5. Conclusions

In this article we have studied the classical and
quantum properties of a class of conformally im-
mersed surfaces in background R3. The class of sur-
faces is characterized by their extrinsic geometric
property; i.e., h\/a = 1. We have constructed an ac-

tion on such surfaces which depends on —= and H;
g
as dynamical field variables. Here H,, and H;; are

components of the second fundamental form of the
surface and g is the determinant of the induced metric
on the surface. The construction of the extrinsic geo-
metric WZNW action is done by minimally coupling
2-d fermions to gauge fields on the surface, con-
structed from the structure equations to the surface.
We show that the gauge restriction h\/; =1 has an
explicit representation which is equivalent to a gauge
invariant coupling of light-cone and geometric type
actions studied in the literature in connection with
intrinsic 2-d gravity theory.

We emphasize in this article the importance of the
role of the Gauss map in establishing the existence of
Virasaro symmetry in h\/g; =1 surfaces. The Gauss
map of conformally immersed surfaces in R", studied
in detail elsewhere, is the map from a surface in the
Grassmannian manifold G, ,. Since, not every Grass-
mannian manifold field forms tangent planes to a sur-
face in R", (n — 2) integrability conditions must be
satisfied by the G, , fields. The effective action
I (F,, F,) is a function of two complex functions F,
and F, which parameterize sz/\/a =D,F,, and
0; F,

H; = ﬁ and are shown to be the image of X* in
z+2

G, 5. The effective action I« (F,, F,)=T_(F, - F, !
=T, (F, - F,~') is shown to be the Grassmannian
o-model action for induced extrinsic curvature action.
Because of a wuseful composition formula for
I (F,;, F,), it is found that the induced 2-d extrinsic
gravity theory in R3 on h\/g = 1 surfaces is in the
same universality class as the intrinsic 2-d gravity the-
ory. This result constitutes the main observation in
this work. Quantization of h\/a =1 surfaces is car-
ried out with the SL (2, C) currents in the z-sector of
the theory.
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